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Ordered Superpositions

¥ Consider three qubits |PQR>
¥ where P and R are entangled, say P= R.

¥ The state of Q should be factorable from |PQR>,
¥ But an imposed arbitrary ordering gets in the way.
¥ Every quantum state should be uniquely factorable

as the tensor product of a collection of entangled
states: something like |P_R> ⊗ |_Q_>.

¥ So remove the imposed cumbersome ordering!



State of a Qubit

¥ Longitude => phase
¥ Latitude => probability

¥ Bearing => missing phase
¥ Given i 2 = j 2 = k 2 = -1 where k = i j
¥ ec i j = j cos c + k sin c

¥ Polar coordinates: eaebeciji, a unit 3-vector

¥ Icon does not scale well even to 2 qubits.
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Objects

¥ Boxes and other icons denote arbitrary
domains generally deÞned elsewhere.

¥ All items are painted by the domain
from which they are drawn, so every
item belongs only to one domain.

¥ Two domains are therefore either the
same or disjoint, which is required for
strong typing.

¥ Text within an icon names the domain
denoted by the icon.

¥ Labels near an icon denote members of
the domain denoted by the icon.
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Morphisms

¥ Arrows denote domains
of functions, and as such
are icons that denote
objects in this category.

¥ All computable functions
that map the Þrst domain
into the second are
included.

¥ Members of any domain
are deÞned only by their
behaviors when applied
as functions,

Dom

Rng

x

f x

f

Dom→Rng =
{f: Cmb  | x:Dom ⇒ f x:Rng}

Dom→Rng1



Automorphisms
¥!¥!¥Dom

1

The functions within
a domain map the
domain into itself.
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Domfns = Dom→Dom

1 1

The identity function
1 is a function within
any domain.

{1} = /\ Domfns
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Domain Lattice Operations
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¥ Domains form a lattice.
¥ The domain intersection operation /\

denotes the largest common
subdomain of a family of domains.

¥ The domain union operation \/ denotes
the smallest common superdomain of a
family of domains.

¥ Domain intersection allows piecewise
speciÞcation of functions: {f:A→B} =
/\ {x} →{ f x}, over all x:A.

¥ This is better than using Cartesian
products for the same purpose.

¥ DeÞne: ones F = 1 iff (∀k) Fk=1
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Operators
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Sequences
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Domain Variables
¥!¥!¥Dom

The variables over a
domain are distinct
names that denote
values in the domain.
The names themselves
are not in the domain.
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Observable States
Dom
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Domvars
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ÔXÕ

S

X = S ÔXÕ

The state of a system
consists of a value of
the appropriate type
for each of its
variables.

Obs



¥!¥!¥

Expressions
Dom

Domexpr

1
Obs#

Dom

A domain-valued expression
is a promise to compute the
value of the expression in
any given state, which
supplies a value for each
variable.
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¥!¥!¥

          ^ X S = S X
::~ A B X S = A X (~ B S)

Assignments
Dom

1

Domvars

^

An assignment maps each
variable into an expression
of the same type. One
assignment (^) maps each
variable into itself.
Substitutions are general.

X
A

AX[X] = ^X ::~

B
^

:~~* B E S = E (~ B S)
:*~   E B S = E (~ B S)

Domexpr :~~*

Asgn



Magic Constants

In lieu of arbitrary names, the names of speciÞc
combinators are composed from simple ones:

¥ transposition:   ~ f x y = f y x

¥ composition:    * f g x = f (g x)
¥ alternation:       : f g x y = f x (g y)

¥ substitution:      :*~ E B S = * E (~ B) S
¥ resubstitution:   ::~ A B X S = : A (~ B) X S

¥ ¥! ¥!!¥



Assignment-Action Duality

Act

1

~

*Obs

1

::~

::~ A B X S = A X (~ B S)

S

B ~B

~BS

Functions on observable
states are isomorphic by
transposition duality to
assignments. DeMorgan
laws relate substitution
(::~) to composition (*).

* F G S = F (G S)

~ (* F G) = ::~ (~ F) (~ G)
~ (::~ A B) = * (~ A) (~ B)

A

F
GAsgn



¥!¥!¥

Programming Concepts
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Single Qubit States

! B+i! A
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Quantum States
DomAmp

Mix = Ampexpr

1
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+ E F S = * (E S) (F S)

E

*

Amp

S
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SE+F = (SE)*(SF)

Given: n f = f n

F



Small BNF Syntax

This grammar includes most constructs in the
mathematics of physics:

¥ R ::= | R E Sep

¥ E ::= | E XR

¥ X ::= Wrd | Lft R Rgt

Sep = {Ô=Õ,  endline, É }
Wrd = {ÔfÕ, ÔxÕ, Ô*Õ, Ô::~Õ, É }
Lft  = {Ô(Õ, Ô|Õ, Ô<Õ, É }
Rgt= {Ô)Õ, Ô|Õ, Ô>Õ, É }



Superscripts

¥ A number is a function that iterates:
n f x = f n (x)

¥ A superscript/inÞx operator is a function:
x op y = op x y

¥ DeÞne extensionally for all superscripts:
x op = op x



Extensional Equivalence

¥ Functions are extensionally equivalent if
and only if they are equivalent everywhere.

¥ That is, f = g ⇔ (∀x) f x = g x

¥ Versus intensional equivalence: (f=g) within
some domain A

¥ Or computable equivalence: known(f=g)
¥ known(f=g) ⇒ f=g ⇒ (f=g) in A



Extensionally Distinct

¥ Functions are extensionally distinct if and
only if they are distinct somewhere.

¥ That is, f "  g ⇔ (∃x) f x "  g x

¥ Or computable equivalence: known(f" g)
¥ known(f" g) ⇒ f" g

¥ Must assume distinct objects exist.
¥ Every consistent system has a negative.



Composition

Extensionally equivalent:
¥ gen. compositor: ¢* a b c = a (b c)
¥ functional composition: ¡ f g x = f (g x)
¥ multiplication: fm

*nx = (fn)mx
¥ same function used for many symbols.

Extensionally distinct:
¥ tensor product:  SE! F = (SE) *  (SF) 
¥ same symbols used for many functions.



Catenation
Extensionally equivalent:
¥ gen. catenator: ¢+ a b c d = a c (b c d)
¥ disjunction: yeab

\/cnay = yeab(yeacnay)
¥ addition: fm

+nx = fm(fnx)
¥ catenation: opL+Rdf = opL(opRdf)
¥ same function used for many symbols.

Extensionally distinct:
¥ vector sum: kv+w = (kv) + (kw)  
¥ same symbol used for many functions.



Nulls

Extensionally equivalent:
¥ gen. null: ¢0 a b = b
¥ false: yeafalsenay = nay

¥ zero: f0x = x
¥ nil:  opnildf = df

Extensionally distinct:
¥zero vector: k0 = 0  
¥same symbols used for many values.



Single Qubit Rotations
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Z Roots

Z

b

a

-a

ai

-
ST



Hadamard Transform
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State of Two Qubits
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Coupling Two Qubits

|01>

|00>

1⊕

CNOT reverses
last segment.

Reversed CNOT
reverses middle
segment.



Three
Entangled Qubits

|000>

|001>

|101>

|100>

|110>
|111>

|011>

|010>

One amplitude
for each corner
of an n-cube.

Grey binary names
for vertices of a
Hamiltonian path.

Plot amplitudes
in some order
on complex plane

1

i

Cube axes and
faces mark qubits
and their values.
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Entangled
End Qubits

|000>
|101>

|111>|010>
One amplitude
for each corner
of an n-cube.

Grey binary names
for vertices of a
Hamiltonian path.

Plot amplitudes
in some order
on complex plane

1

i

Cube axes and
faces mark qubits
and their values.



Entangled End Qubits

¥ Consider:  |000>+|010> + |101>+|111>
¥ Not the tensor product of two superpositions
¥ But the middle qubit is not entangled with

the end qubits.
¥ The presumed order interferes.
¥ An order-independent formulation is needed

for a prime factorization theorem.



Quantum States
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Three Entangled Qubits

0|000>
+|001>

+e|011>+n|010>

-|110>
-0|111>

-n|101>-e|100>

|11>/# 6
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 |1>

e|1> + n|0>
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T

Tensor Decomposition

e = ei" /3, e3 = -1,
n = e2 = e-1

|e+1| = |n-1| =! 1 .5

An entangled state on n
qubits is always the sum of
up to 2n tensor products.

⇒

Given |P|+|Q| entangled R

1

0
2

       
! 6



LeggettÕs Legacy
Infer Hamiltonian from Classical Behavior

Classical
Behavior

Quantum
Behavior

Microscopic
Hamiltonian

inference
law stats

law


